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We present a familiar manipulation of Euler products and L-series, and 
derive a recent theorem of Carlitz and an old theorem of Davenport-Hasse. 
We then show that the theorem of Davenport-Hasse can be used to shed con- 
siderable light on certain questions about “irreducible cyclic codes,” and the 
cyclotomy of finite fields, including some recent work of the Lehmers. 
1. INTRODUCTION 
The main result in this paper depends on an old idea of Euler’s, and 
no doubt the contents of Section 2 will seem familiar and easy to most 
readers. However, at the end of Section 2 we easily derive a recent theorem 
of Carlitz [2] and an old theorem of Davenport and Hasse [3] from this 
general technique. Sections 3 and 4 are devoted to the investigation 
of some of the consequences of the theorem of Davenport and Hasse. In 
Section 3, we define “irreducible cyclic codes” and prove a useful result 
about them. In Section 4, we discuss the cyclotomy of finite fields, and 
conclude with some remarks about the “hyperXloosterman sums” 
investigated recently by the Lehmers [6]. 
2. EULER PRODUCTS AND A THEOREM OF DAVENPORT AND HASSE 
In what follows, F = Fl = GF(q) is the finite field with q = pk elements, 
p a prime. F, = GF(q”) is the m-th degree extension of F. For [ E F, , 
define T,(t) = [ + 4” + .-* + .$““-‘; T,,, is the trace of F,,, over GE(p). 
F,* is the set of nonzero elements of F, . 
One final bit of notation, which we adopt for typographic reasons. 
* This paper presents the results of one phase of research carried out at the Jet 
Propulsion Laboratory, California Institute of Technology, under Contract No. NAS 
7-100, sponsored by the National Aeronautics and Space Administration. 
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Throughout we let 5 = exp(2n#), a primitive complex p-th root of unity. 
If .$ E F, , we define 
Omitted sub- and superscripts mean m = 1. 
We consider the set Cp of manic polynomials over F with nonzero 
constant term: 
A(x) = xm - u~x”‘+~ + -.a + (- 1)” a, , ui E F, a, # 0. 
Now let X be any multiplicative mapping of Q, into the complex numbers: 
A(M) = X(A) h(B), X(A) complex. 
Next we define the L-series corresponding to X by the formula 
L(u) = c h(A) ZPgA, 
AEQ 
(2.1) 
which we regard as a formal power series in the indeterminate U. Because 
CD is a unique factorization domain, we may expand L(u) as a formal 
Euler product 
L(u) = n (1 - A(P) z@@)-1, (2.2) 
P 
where the product is extended over all irreducibze polynomials from 0. 
We now operate on the product (2.2) with u . d log/du; 
U d l”;uL’“’ = il NJP, N, = c deg P - A(PmJdegP). 
P:degPlm 
If [ E I;, , the minimal polynomial P of [ will have degree which divides m, 
and the field polynomial I-J:=;’ (x - 5”‘) of 4 is then Pnaldcg p. Hence 
if we define 
A,(& = X(the field polynomial of 5 in F,), 
it follows that 
Nm = c MO 
It is frequently possible to show that for sufficiently large m, 
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in which case (2.1) shows that L(u) is a polynomial in U. If then 
L(u) = (1 - z&xl) **. (1 - z&X,), 
operating on this expression with u d/du log we obtain 
Hence we have proved our main result, namely, 
c A,@ = -calm + cy2m 4 ... + OLP). (2.3) 
Ed,* 
This argument occurs in a recent paper by Carlitz [2] for the particular 
character 
x-4 = 4-y + Yam-,a;ll, x, y EF. 
In this case it is easy to see that Cdeg A=m X(A) = 0 for m > 3, which 
makes L(U) a quadratic polynomial. Thus Carl&z concludes 
&* %n(X‘t + UP> = --cam + B”) 
for suitable CL, j3 depending on x, y. The sum on the left is a Kloosterman 
sum. We will have more to say about such sums in Section 4. 
Now we shall use (2.3) to prove the important theorem of Davenport 
and Hasse [3]. Sections 3 and 4 will then explore some of the consequences 
of this theorem. 
If 4, is a primitive root of F, , for f # 0, let the index Z,(t) be defined 
by I,&I~(B) = 5. If the &,, are selected so that #ml+q+*..+qm-l = & , it 
follows that Z&J) 3 Z~(P+q+...+“-‘)(mod q - l), and we will assume the 
t,b, have been so chosen. 
Now let { = elailp, and let p be any of the (q - 1) complex (q - 1)st 
roots of unity. We define a function h on @: 
h(A) = pwpl)~ (2.4) 
lt is easily verified that h(AB) = X(A) h(B). Furthermore, for c E F, , 
we calculate h,(t) = /Y~(~)~T~(~). Finally we notice that CaBBAXrn h(A) = 0 
if m >, 2, since ana and a, are then independent and CCEF 5*‘“) = 0. Thus 
for this particular character, L(U) = 1 + UN, and our main result (2.3) 
becomes 
c bdf) = *z ,&,&ni, = (- l)m+l N,“, (2.5) 
&F,,,* 
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where 
1-Z 
iv1 = c pG(#). 
i=O 
This is the theorem of Davenport and Hasse. It appears (in different 
notation) as Eq. (0.8) on page 153 of their paper. And while their proof 
(pp. 160-162) is substantially the same as ours, the fact that they carry the 
particular character (2.4) along throughout obscures the simplicity of the 
underlying idea. A proof of (2.5) which does not use characters was given 
by Schmid [7]. 
Now since (2.5) holds for any (4 - 1)st root of unity /3, if we write 
Qrn-2 
H,(x) = c xiE,(#mi) (mod xQ-l - l), 
i=o 
we have the alternate formulation 
--H,(x) z (--H,(x))” (mod xq-l - l), P-6) 
which we prefer to use. 
3. IRREDUCIBLE CYCLIC CODES 
No previous knowledge of coding theory is required (or useful) in order 
to understand this section. However, for a lucid introduction to both 
the mathematical and engineering aspects of the subject, see Berlekamp’s 
book [l]. 
Recall that q = pk for a prime p, F is the finite field with q elements, and 
T(t) = .$ + 6” + **a + [p’-‘. If n divides q - 1, and if tl is a primitive 
n-th root of unity in F, the set C of n-tuples 
is a vector space over GF(p), which is closed under the cyclic permutation 
wo, 01 ,***, %-I) -+ (a1 ,..., u,-r , uo); indeed S c(5) = ~(56). C is called 
an (n, k) irreducible cyclic code over GF(p), or simply an “irreducible 
(n, k) code.” (Cyclic because it is S-invariant, irreducible because no sub- 
space of C is S-invariant.) The vectors c(5) are the codewords of the code. 
If k’ is the least integer for whichpk’ = 1 (mod n), then C has dimension k’ 
over GF(p). If k’ < k, we say the code is degenerate. 
From a coding theorist’s point of view, one of the most important 
questions that can be asked about such a code is “what are the weights 
IV@ of the codewords c(t)?“, where the (Hamming) weight IV@ is the 
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number of nonzero components of c(t). We shall show that the theorem 
of Davenport and Hasse is a powerful tool for calculating these weights. 
With each codeword c(5) we associate a complex exponential sum 
q(f) = c;:; 6((w). 0 rice q(f) is known it is possible to compute the 
weight I+‘(.$). Let # be a primitive root of F such that 4” = 8, where 
nN = q - 1. Then if i = j (mod N), QP = &,P for some 1, and the code- 
words c(p) and c(#‘) 3 are identical except for the cyclic permutation S1. 
Thus for our purposes it is enough to compute the N exponential sums 
rli = q(V) = i,Ei(godN, 4P’); i = 0, L..., N - 1 (mod W 
O<i’<Q-1 
Since T(t) = T(@‘), it follows that Q = qip. Also, if we replace the 
primitive root IJ with the primitive root @, this merely permutes the 
v’s: vi -+ qia. Consequently, the choice of # does not affect the weight 
distribution of the code. Let us define the polynomial 
H(x) = q. + T,-~x + -a* + vN-l~N-l (mod xN - l), (3.1) 
which carries with it all the information about the code C which we need. 
We will now use the theorem of Davenport and Hasse to compute the 
H-polynomials for all codes with a fixed N. 
If k is the least integer such that q = pk = 1 (mod N), then we consider 
the sequence of (nil,, km) codes, where n 1)2 = (q” - 1)/N. All nondegenerate 
(n, k) codes for which (p” - 1)/n = N are included in this sequence. 
(For m 3 2 it is possible to show that these codes are nondegenerate, 
but form = 1 the codes are frequently degenerate.) The goal is to calculate 
the polynomials 
N-l 
H,(x) = C $)xi (mod xN - I), vinz’ = c %n(#L), 
i=O l’=i(mod~) 
where the 1+4, are primitive roots in GF(q”), and 
T,(5) = f + 5” + -** + 5”““-‘. 
It follows that 
Qrn-2 
H,(x) = c XG,($bmi) (mod xN - 1). 
i=O 
But since N divides q - 1, the theorem of Davenport and Hasse shows that 
if the #m are chosen so that &l+Q+...+Q@ = z& , 
--H,(x) = (--H,(x))~ (mod xN - 1). (3.2) 
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Equation (3.2) (which was recently proved for m = 2, p = 2 by Delsarte 
and Goethals [4]) supplies a practical method of computing the $). 
For if /3 is a complex primitive N-th root of unity, (3.2) implies that for 
i = O,..., N - 1 
-p _ ,;m,p _ $i?,“‘p2i - . . . - $y(N-l)i = (-q(p))“. (3.3) 
Hence the -@) are the Fourier coefficients of the periodic function 
F(t) = (-Hl(/3t))m, and so 
wj = -H&lq. (3.4) 
An example will illustrate these results. Let p = 2 (so the codes will be 
binary; binary codes are the most important for applications), and 
N = 7. Now 23 z 1 (mod 7), and if $ is a primitive root of GF(8) which 
satisfies #” + # + 1 = 0, we easily calculate 
H,(x) = -1 +x+X2-X3+X4-X5-X6. 
Thuswo=1,w1=wz=w4=-2(~+~z+$4)=w,wg=w5=w6=~, 
the complex conjugate of w. Hence using (3.4) we arrive at 
Cm) = 
7)O -$(I + 3wn” + 369, 
(ml - 
r/3 
Cm) - cm) = 
- 75 - 7.5 
-+(I - g,na+1 - &p+1 
1. 
Since, as is easily seen, w  2 - 2w + 8 = 0, with the proper choice 
of /I we can arrange matters so that w  = 4s eie with cos 13 = 8-li2, 
sin ~9 = (7/8)1/2. In this case, 
70 
(W = -+(I + 6q112 cos m@, 
rll (WL) = -$(l - 81i2q1i2 cos(m - l)f?), 8 = tan-1(71/2), (3.5) 
77~~) = -+(l - 81/2q1/2 COS(m + i)e), 
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there we have set 4 = 8”. Finally, to calculate the corresponding weights, 
we use the formula (for p = 2) Wi = (n - 7J/2 and obtain 
w(m) = 1 
0 la(q + 6P cos m8), 
Wirn) = &(q - 81/“q1/2 cos(m - l)Q 8 = tan-l(7l/3, (3.6) 
Wim’ = &(q - 81’2q1/2 cos(m + 1)O). 
These formulas not only clearly exhibit the behavior of the w’s as m 
increases, but also are useful for exact calculation. Here are a few of the 
values : 
m n k WO WI W, 
1 1 3 1 0 1 
2 9 6 2 4 6 
3 73 9 28 40 36 
4 585 12 296 304 280 
5 4681 15 2416 2336 2320 
6 37449 18 18848 18624 18784 
7 299593 21 149440 149632 150080 
4. CYCLOTOMY IN FINITE FIELDS 
If, as before, 4 is a primitive root of F = GF(q), and if q - 1 is written 
as a product q - 1 = ef, we may define the cyclotomic numbers (k, h)* 
exactly as they are usually defined when q is prime: (k, h)e is the number of 
ordered pairs (k’, h’) (mod q - 1) with k’ = k, h’ = h (mod e) such that 
1 + #“’ = #“‘. Frequently, we write (k, h) for (k, h)e . 
Consider once more the theorem of Davenport and Hasse, as given in 
Eq. (2.6), which we reduce modulo A? - 1: 
---H,(x) = (--H,(x))” (mod x6 - 1). 
The coefficient of xi in H,(x) (mod xe - 1) is 
(4.1) 
7p = c %I&(+:). (4.2) 
i’ =d(mode) 
O<i'<I-1 
We call these r]lrn’ the Gaussian periods for the field F, , relative to the 
divisor e of qm - 1. If q is prime, then the 7:” are indeed the ordinary 
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Gaussian periods. However, from our point of view, the real justification 
of the terminology stems from the multiplication formula 
where the (k, h)‘“) are the cyclotomic numbers in the field F,, , q” - 1 = 
e*fm, and the troublesome integers nhm”’ are given by 
nfcm) = 1 
p=2 and k = 0, 
if P > 2, fm is even and k = 0, 
P > 2, f, is odd and k = e/2. 
nII”’ = 0 in all other cases. 
Formula (4.3) is exactly the same as the usual formula for multiplying the 
ordinary periods (see, e.g., Dickson [5]), and was essentially discovered 
by Gauss. Suppressing the sub- and superscript m’s, we sketch a proof: 
(4.4) 
Now if 1 + #k’ = tih’ with h’ = h (mode), the inner sum of the last 
expression is simply r)i+h , so that T~+~ occurs (k, h) times in all in the double 
sum. If we account for the occasions when 1 + I/“’ = 0, we complete 
the proof of (4.3), since &zi(e) ~(0) =J 
It is possible to solve the multiplication formulas (4.3) for the cyclo- 
tomic numbers. We omit the calculation and present the result: 
if 
I 
p = 2, or 
p > 2 and f is even, 
(4.5) 
(k h) = ; (-fB + '2 %?li+kl)i+b+e,z) if p >2andfisodd. 
i=O 
Since the periods are the coefficients of the appropriate H-polynomial, 
the theorem of Davenport and Hasse is extremely useful in calculating 
the (k, h)S;“’ for fixed e and p, as m increases. 
For example, letp = 2 and e = 7. We have already [Eq. (3.5)] calculated 
the periods 7:“’ -except we thought then that the 7’s were codeword- 
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weight enumerators. Using those values, together with (4.9, we can 
calculate (0, 0): 
(0, O)?) = &(q - 6q1’2(2 cos 3m0 + 3 cos me) - 20), (4.6) 
where as before 0 = tan-l(7l/%) and q = Sfri. 
One use to which the number (0, 0)‘“’ can be put is: The number of 
solutions (x, y) from F of Y + ye = 1 is easily seen to be e2(0, 0), + 2e. 
Thus the number of solutions in Gl;(89 of x7 + y7 = 1 is 
N = q - 6q112(2 cos 3mB + 3 cos me) - 6, 
q-l/” I N - q 1 = 6 1 2 cos 3mB + 3 cos m6’ + q-V2 I. (4.7) 
It is interesting to compare (4.7) with a theorem of Weil [8], which gives 
in this case q-1/2 1 N - q I < 36. Equation (4.7) shows that the best 
possible constant is at worst just slightly larger than 30. In fact, a little 
calculation shows that the right-hand side of (4.7) is always < 30. Further, 
since 6 is not a rational multiple of n-eie is not even an algebraic integer- 
the values of q-1/2 ) N - q I are dense in [0,3O].l 
We conclude with some brief remarks about the interesting recent 
work of the Lehmers [6] on “hyper-Kloosterman sums”. If p is a prime, 
p - 1 = ef, and 4 is a primitive root modulo p, the Lehmers define 
“hyperperiods” by 
vy) zzz c +p + . . . f pn), 
il+~..+i,--i(mode) 
except that we have reduced their superscript m + 1 to m. (Notice that if 
m = 1 these are the classical Gaussian periods.) If f = 1, then the vim) 
are the “hyper-Kloosterman sums” Sim), which for m = 2 reduce to the 
standard Kloosterman sums 
9-l 
a) = 1 4 + 03 (& = 1 (modp)). 
h=l 
Two of the Lehmers’ results are a formula for the sum C(Si’3))3, and a 
theory of cyclotomy in which the hyper-periods play a role similar to the 
classical Gaussian periods 11’). 
Let us now reconsider the results of this section for q = p, where the 
1 Professor David Cantor of UCLA has pointed out that by using deeper techniques 
of algebraic geometry, it is possible to show that if e divides q - 1, the number N of 
solutions to x8 + ye = 1 always satisfies I N - q + e - 1 / < ql/Z(e - l)(e - 2). 
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trace T reduces to the identity function. In this case H,(x) = C x%(p), 
and the coefficient of xi in (H,(x))” (mod xe - 1) is the Lehmers’ hyper- 
period qi . cm) But according to the theorem of Davenport and Hasse, 
(H,(x))” = (- Qm+l H,(x) ( mo xe - l), and so except possibly for a d 
change of sign the hyper-periods are identical to the periods we defined 
in (4.2). This fact casts considerable light on the Lehmers’ results. For 
example, it is now clear why it is possible to construct a cyclotomic 
theory for the hyper-periods, since such a theory is identical to the theory 
of cyclotomy in GF(p”) discussed earlier in this section. And in view of 
the inversion formulas (4.9, we see that the calculation of the sum of the 
cubes of the hyper-Kloosterman sums ,I”’ is completely equivalent to the 
calculation of a certain cyclotomic number in GF(p”)-(0, O),._, for even m, 
(O,(p - 1)/2),-, for odd m. 
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